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We calculate the next-to-next-to-next-to-leading order (N3LO) QCD corrections to vector-boson
fusion (VBF) Higgs pair production in the limit in which there is no partonic exchange between
the two protons. We show that the inclusive cross section receives negligible corrections at this
order, while the scale variation uncertainties are reduced by a factor four. We present differential
distributions for the transverse momentum and rapidity of the final state Higgs bosons, and show
that there is almost no kinematic dependence to the third order corrections. Finally we study the
impact of deviations from the Standard Model in the trilinear Higgs coupling, and show that the
structure of the higher order corrections does not depend on the self-coupling. These results are
implemented in the latest release of the proVBFH-incl program.
I. INTRODUCTION
Following the discovery of the Higgs boson in 2012 [1,
2], it has become a primary focus of the experimental
program of the Large Hadron Collider (LHC) to measure
its properties. In particular, the measurement of the self-
coupling of the Higgs boson will be crucial both to further
our understanding of the electroweak symmetry breaking
mechanism, and to constrain possible new physics beyond
the Standard Model (SM).
The simplest process with sensitivity to the trilinear
Higgs coupling at hadron colliders is the Higgs pair pro-
duction process, which has already been the focus of sig-
nificant experimental studies [3–15]. Due to the low cross
sections, production rates at the LHC are very small. For
this reason, processes with two final state Higgs bosons
are posed to play a key role at the high energy LHC
(HE-LHC) and a future 100 TeV circular collider (FCC)
in probing the Higgs sector. It is therefore important
to have precise theoretical predictions for the dominant
channels.
As for single-Higgs production, the leading contribu-
tion at the (HE-)LHC comes from gluon-gluon fusion [16].
This has been calculated up to next-to-next-to-leading
order (NNLO) [17, 18] matched to threshold resumma-
tion at next-to-next-leading logarithmic (NNLL) accu-
racy [19], and including finite top mass effects [20].
In this article, we focus on the vector-boson fusion
(VBF) Higgs pair production channel, shown at leading
order in figure 1. While it is only the second largest chan-
nel after gluon-gluon fusion, the VBF production mode is
one of particular interest for several reasons: the presence
of two tagging jets allows for a significant reduction of the
large backgrounds through an appropriate choice of cuts;
it is particularly sensitive to deviations from the SM in
the trilinear Higgs coupling [21]; and is also a promising
channel for measurements of the hhV V quartic coupling
at the LHC [22].
Because of the important role that double Higgs pro-
duction via VBF will play at the LHC and beyond, sub-
stantial efforts have been made to calculate its cross
section to high accuracy. The differential cross sec-
tion has been calculated up to next-to-leading order
(NLO) [21, 23] with matching to parton shower [24], and
up to next-to-next-to-leading order when integrating out
all hadronic final states [25].
We present here the calculation of di-Higgs produc-
tion up to next-to-next-to-next-to-leading order (N3LO),
which is also the first calculation at this order of a 2→ 4
process. Together with a companion paper presenting
the fully differential NNLO calculation [26], this brings
the VBF double Higgs channel to the same theoreti-
cal accuracy as single-Higgs VBF production [27–30].
These results are obtained using the structure function
approach [31], which is the limit in which there is no par-
tonic exchange between the two protons, and in which all
radiation has been integrated over. Since the single-gluon
exchange is zero for color reasons, this approximation is
exact at NLO, while it has been shown to be accurate to
more than 1% at NNLO for the single-Higgs process [32–
34]. Because the presence of an additional Higgs boson
does not impact the color flow between the hadrons, this
limit is expected to be just as valid for Higgs pair pro-
duction.
This paper is structured in the following way: In sec-
tion II we present the details of our calculation, in sec-
tion III we present results for the inclusive cross section,
while differential distributions are given in section IV.
We give our conclusions in section V.
II. HIGGS PAIR PRODUCTION IN VBF
We start by setting up the formalism needed to calcu-
late the inclusive cross section up to third order in the
expansion in the strong coupling constant, which is anal-
ogous to the single-Higgs one.
The VBF Higgs pair production cross section is calcu-
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FIG. 1: Born-level diagrams contributing to VBF Higgs pair production.
lated as a double deep inelastic scattering (DIS) process,
and can be written as [31]
dσ =
∑
V
G2Fm
4
V
s
∆2V (Q
2
1)∆
2
V (Q
2
2) dΩVBF
×WVµν(x1, Q21)MV,µρMV ∗,νσWVρσ(x2, Q22) . (1)
Here GF is Fermi’s constant, mV and ∆
2
V are the
mass and squared propagators of the mediating W or
Z bosons, and
√
s is the collider center-of-mass energy.
We defined Q2i = −q2i and xi = Q2i /(2Pi · qi) as the
usual DIS variables, where qi is the four-momentum of
the vector boson Vi and Pi that of the initial proton. Fi-
nally WVµν is the hadronic tensor and dΩVBF is the four
particle VBF phase space. The matrix element of the
V V → hh sub-process is expressed as [35]
MV,µν = 2
√
2GF g
µν
(
2m4V
(q1 + k1)2 −m2V + iΓVmV
+
2m4V
(q1 + k2)2 −m2V + iΓVmV
+
6νλm2V
(k1 + k2)2 −m2H + iΓHmH
+m2V
)
+
√
2GFm
4
V
(q1 + k1)2 −m2V
(2kµ1 + q
µ
1 )(k
ν
2 − kν1 − qν1 )
m2V − iΓVmV
+
√
2GFm
4
V
(q1 + k2)2 −m2V
(2kµ2 + q
µ
1 )(k
ν
1 − kν2 − qν1 )
m2V − iΓVmV
, (2)
where k1, k2 are the final state Higgs momenta, which
satisfy k1 + k2 = q1 + q2, λ is the trilinear Higgs self-
coupling and ν is the vacuum expectation value of the
Higgs field.
Defining Pˆi,µ = Pi,µ − Pi·qiq2i qi,µ, the hadronic tensor
WVµν in equation (1) is given by
WVµν(xi, Q2i ) =
(
− gµν + qi,µqi,ν
q2i
)
FV1 (xi, Q
2
i )
+
Pˆi,µPˆi,ν
Pi · qi F
V
2 (xi, Q
2
i ) + iµνρσ
P ρi q
σ
i
2Pi · qiF
V
3 (xi, Q
2
i ) , (3)
where the FVi (x,Q
2) functions are the standard DIS
structure functions with i = 1, 2, 3, which can be ex-
pressed as a convolution of the parton distribution func-
tions (PDF) with the short distance coefficient functions
FVi =
∑
a=q,g
CV,ai ⊗ fa , i = 1, 2, 3 . (4)
To evaluate equation (4), it is useful to define the singlet
and non-singlet distributions qS , qNS,i, as well as the non-
singlet valence distribution qVNS and the asymmetry δq
±
NS
qS =
nf∑
j=1
(qj+ q¯j), q
±
NS,j = qj± q¯j , qvNS =
nf∑
j=1
(qj− q¯j),
δq±NS =
∑
u-type
(qj ± q¯j)−
∑
d-type
(qj ± q¯j) . (5)
We can then decompose the quark coefficient functions
into non-singlet and pure-singlet parts, and define the
valence coefficient function
CL,q = C
+
L,NS + CL,PS , C2,q = C
+
2,NS + C2,PS ,
Cv3,NS = C
−
3,NS + C
s
3,NS , (6)
The neutral current structure functions can now be ex-
3FIG. 2: Three-loop diagrams contributing at N3LO to VBF
Higgs pair production.
pressed as
FZi (x) = 2x
∫ 1
0
dz
∫ 1
0
dyδ(x−yz)
nf∑
j=1
[
(vZj )
2 + (aZj )
2
]
×
[
q+NS,j(y)C
+
i,NS(z)+qS(y)Ci,PS(z)+g(y)Ci,g(z)
]
, (7)
FZ3 (x) = 4
∫ 1
0
dz
∫ 1
0
dyδ(x− yz)
nf∑
j=1
vZj a
Z
j
×
[
q−NS,j(y)C
−
3,NS(z) + q
v
NS(y)C
v
3,NS(z)
]
, (8)
where i = 2, L and FZ1 =
1
2x (F
Z
2 − FZL ). The vector and
axial-vector coupling constants vZi and a
Z
i are given by
vZj = ±
1
2
, aZj =
{
1
2 − 43 sin2 θw, u-type
− 12 + 23 sin2 θw, d-type
(9)
For the charged current case, the structure functions can
be written as
FW
±
i (x) =
x
nf
∫ 1
0
dz
∫ 1
0
dyδ(x−yz)
nf∑
j=1
[
(vWj )
2+(aWj )
2
]
×
[
∓δq−NS(y)C−i,NS(z)+qS(y)Ci,q(z)+g(y)Ci,g(z)
]
, (10)
FW
±
3 (x) =
2
nf
∫ 1
0
dz
∫ 1
0
dyδ(x− yz)
nf∑
j=1
vWj a
W
j
×
[
∓ δq+NS(y)C+3,NS(z) + qvNS(y)Cv3,NS(z)
]
, (11)
where we have again FW
±
1 =
1
2x (F
W±
2 − FW
±
L ), and the
couplings are simply aWj = v
W
j =
1√
2
.
We can calculate corrections up to N3LO by making
use of the known three-loop coefficient functions [36–
40], whose parameterized expressions have been imple-
mented in HOPPET v1.2.0-struct-func-devel [41]. Exam-
ples of three-loop diagrams included in this calculation
are shown in figure 2.
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FIG. 3: Total cross section as a function of the renormaliza-
tion and factorization scales for each order in the perturbative
expansion.
To calculate the variation of the cross section with dif-
ferent choices of factorization and renormalization scales,
we compute the scale dependence to third order in the
coefficient functions as well as in the PDFs.
We start by evaluating the running coupling for αs
αs(Q) ' αs(µR) + α2s(µR)β0 ln
(µ2R
Q2
)
+ α3s(µR)
[
β20 ln
2
(µ2R
Q2
)
+ β1 ln
(µ2R
Q2
)]
, (12)
where we defined β0 = (33− 2nf )/12pi and β1 = (153−
19nf )/24pi
2. The coefficient functions can then easily be
expressed as an expansion in αs(µR). To evaluate the
dependence of the PDFs on the factorization scale µF ,
we can integrate the DGLAP equation, using
f(x,Q) = f(x, µF )−
∫ LFQ
0
dL
d
dL
f(x, µ) . (13)
Expressing the PDF in terms of an expansion in αs(µR)
evaluated at µF , it then straightforward to evaluate equa-
tion (4) for any choice of the renormalization and factor-
ization scales up to N3LO.
To estimate the theoretical uncertainty due to miss-
ing higher order corrections, we calculate the envelope of
seven different scale choices, taking
µR = ξR µ0 , µF = ξF µ0 , ξR,F ∈ { 12 , 1, 2} , (14)
where we keep 12 ≤ µR/µF ≤ 2 and µ0 is the central
scale choice. We set the central renormalization and fac-
torization scales to the vector boson virtuality of the cor-
responding sector, Q1 or Q2.
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FIG. 4: Total cross section as a function of energy for each
order in perturbative QCD.
For the numerical integration, we use the phase space
parameterization of VBFNLO [42]. Unless otherwise spec-
ified the center-of-mass energy is set to the expected en-
ergy of the HE-LHC, which is 27 TeV. For all simulations,
we use the PDF4LHC15 nnlo mc set [43] with a four-loop
evolution of the strong coupling, starting from an initial
condition αs(MZ) = 0.118. We set the mass of the Higgs
boson to mH = 125 GeV. The electroweak parameters
are set to the PDG values [44], with mW = 80.379 GeV,
mZ = 91.1876 GeV and GF = 1.16637 · 10−5 GeV−2.
The narrow-width approximation is used for the final
state Higgs bosons, while Breit-Wigner distributions are
used for internal bosons, taking ΓW = 2.085 GeV,
ΓZ = 2.4952 GeV, and ΓH = 4.030 · 10−3 GeV.
III. TOTAL CROSS SECTION
We start by providing results for the inclusive cross
section.
In figure 3, we show the dependence of the total cross
section on the renormalization and factorization scales for
each order in QCD. One can clearly observe the conver-
σ(14 TeV) [fb] σ(27 TeV) [fb] σ(100 TeV) [fb]
LO 2.079+0.177−0.152 8.651
+0.411
−0.382 87.104
+1.023
−1.633
NLO 2.065+0.022−0.018 8.471
+0.046
−0.024 84.026
+0.781
−0.860
NNLO 2.056+0.003−0.005 8.412
+0.014
−0.021 83.000
+0.340
−0.269
N3LO 2.055+0.001−0.001 8.407
+0.005
−0.003 82.901
+0.097
−0.035
TABLE I: Total cross sections at LO, NLO, NNLO and N3LO
for VBF Higgs pair production for different center-of-mass
energies. The uncertainties are obtained from a seven-point
scale variation.
gence of the perturbative expansion, with each order in
αs reducing the fluctuations due to changes in the choice
of scale. We see that at N3LO there is almost no resid-
ual dependence on the scale, with predictions having an
almost constant cross section over a broad range of scale
values.
We show the dependence of the total cross section as a
function of center-of-mass energy in figure 4. Here we see
that at even very high energies, the third order correc-
tions are fully contained within the NNLO scale variation
bands, with an almost constant K-factor. One should
note that this is somewhat dependent on the choice of
central scale, and less dynamical scales such as an mh or
pt,HH based prescription will lead to third order correc-
tions that can deviate from the NNLO uncertainty bands
in certain kinematic regions or at sufficiently high ener-
gies.
We detail the precise value of the cross section and its
scale variation uncertainties in table I. Values are given
for three reference center-of-mass energies: the 14 TeV
LHC, the 27 TeV HE-LHC and the 100 TeV FCC. For
each of these energies, we provide inclusive cross sections
at each order in perturbative QCD, along with the corre-
sponding scale variation envelope. We can observe that
while the corrections are at the level of a few permille
only, the scale uncertainty bands are reduced by more
than a factor four when going from NNLO to N3LO.
A comment is due on the impact of contributions be-
yond those included in the DIS limit. There are a number
of corrections to the Born diagrams shown in figure 1 be-
yond those due to the radiation of additional partons.
These should be included where possible for precise phe-
nomenological predictions.
In particular, the s-channel production mode, while
suppressed to a few permille after VBF cuts, contributes
to about 16% to the total cross section for 27 TeV col-
lisions, and can therefore not be neglected. It can be
calculated to NLO using the MadGraph5 aMC@NLO frame-
work [45] and can be straightforwardly included.
Furthermore, NLO electroweak corrections are cur-
rently unknown and expected to be sizeable. They can
be estimated from dominant light quark induced chan-
nels using Recola(Collier)+MoCaNLO [46–49] for the di-
Higgs and single-Higgs VBF process, comparing the lat-
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FIG. 5: Differential cross sections for the transverse momentum pt,HH , rapidity yHH and mass mHH distributions of the Higgs
pair.
ter to HAWK [50]. For VBF Higgs pair production the EW
corrections to the inclusive cross section lie between −5%
and −7%. Compared to the single-Higgs VBF correction
of roughly −5% (using the same set-up, i.e. excluding
photonic and b-quark channels), the double Higgs VBF
process thus does not seem to receive large VBS-like cor-
rections [51, 52]. One can therefore expect the full elec-
troweak corrections to be at least at the same level as the
NNLO QCD corrections, and significantly larger than the
N3LO corrections.
There are also a number of α2s and α
3
s contributions
that are neglected in the structure function approxima-
tion, notably: the double and triple gluon exchange be-
tween the two quark lines; heavy-quark loop induced pro-
duction; t-/u-channel interferences; single-quark line con-
tributions; loop induced interferences between VBF and
gluon-fusion Higgs production. These have been shown
to contribute at the few permille level in single Higgs
VBF production [32–34, 53], and we therefore expect that
they can be neglected.
The impact on the cross section of PDF and
αs uncertainties can be evaluated using the
PDF4LHC15 nnlo mc pdfas set, and is of about 2.1%.
Finally, there is also a theoretical PDF uncertainty, due
to missing higher orders in the determination of the
PDFs. In this paper we use an NNLO pdf set to evaluate
an N3LO cross section, since N3LO sets are currently
unavailable. The uncertainty due to these missing higher
order terms come from two sources. They are dominated
by missing third order corrections to the coefficient
functions relating physical observables to PDFs, and can
be estimated to about 8h using the method presented
in [29]. The second source of corrections is due to
unknown four-loop splitting functions [54] appearing in
the DGLAP evolution, which have been estimated to be
negligible [29].
IV. DIFFERENTIAL DISTRIBUTIONS
The calculation described in section II is inclusive over
final state QCD radiation. One can thus not obtain dif-
ferential predictions with respect to the jet kinematics
without using the projection-to-Born method [28] and
combining it with a higher multiplicity NNLO predic-
tion. However, we have full access to the kinematics of
the Higgs bosons, and it is therefore straightforward to
compute differential observables with respect to the their
momenta. Let us now focus on several differential distri-
butions of particular interest. We will again consider here
a 27 TeV proton-proton collider except where otherwise
specified.
In figure 5, we show the transverse momentum pt,HH ,
rapidity yHH and invariant mass mHH distributions of
the Higgs pair for each order in QCD. The latter is of
particular interest, as the Higgs pair invariant mass can
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FIG. 6: Differential cross sections for the transverse momentum distributions for both the harder (pt,H1) and softer (pt,H2)
Higgs boson.
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FIG. 7: Differential cross sections for the rapidity distributions for both the harder (yH1) and softer (yH2) Higgs boson.
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FIG. 8: Total cross section as a function of κ for both the 27 TeV HE-LHC (left) and the 100 TeV FCC (right). The lower
panel gives the ratio to the central N3LOvalue, with scale uncertainty bands obtained from a seven-point variation.
be notably sensitive to deviations due to physics beyond
the SM [22, 55, 56]. We see that once we get to the
third order, there is almost no kinematic dependence to
the K-factor, except at very high rapidities, where the
N3LO corrections can bring changes to the central value
of about one percent. The N3LO scale variation bands
are always fully contained within the NNLO scale uncer-
tainties, but are about four times thinner.
We order the Higgs bosons according to their trans-
verse momentum. Figure 6 provides the transverse mo-
mentum distribution of both the harder (pt,H1) and the
softer (pt,H2) Higgs. The third order corrections to these
observables are negligible, with again a large reduction in
scale uncertainties. The corrections to the rapidity dis-
tributions of the two Higgs bosons are shown in figure 7.
We note here that the α3s contribution has almost no
kinematic dependence up to rapidities of |yH | ∼ 4, with
the scale variation bands being again fully contained by
the theoretical uncertainties of the previous order.
Finally, let us study the impact of the trilinear Higgs
self coupling, λ, by varying the corresponding factor in
equation (2). Constraining the trilinear coupling is of
particular interest, since many scenarios of new physics
beyond the SM predict significant deviations of this
value. Examples of such models are SO(5)/SO(4) mini-
mal composite Higgs [57, 58] and dilaton models [59].
To study the impact of deviations of this type, we de-
fine λ = κλSM, where λSM = m2h/2v, and consider a
range of values for κ.
The total cross section up to N3LO as a function of κ is
given in figure 8, both for a 27 TeV HE-LHC and for a 100
TeV FCC. One can observe that while the inclusive cross
section changes by several orders of magnitude, there is
as expected almost no dependence of the higher order
corrections on κ beyond leading order.
In figure 9, we show the kinematics of the Higgs pair
for several values of κ. We see that even very small devi-
ations in the trilinear Higgs coupling have a substantial
impact on the cross sections, both in the normalization
and shape of the distributions. In particular, the rapid-
ity and invariant mass of the Higgs pair are particularly
sensitive to changes in λ.
The lower panels in figure 9 show the ratio to the cen-
tral value obtained with κ = 1, with the leading order
predictions shown as dashed lines. One can see that the
changes to the cross sections from variations in κ can be
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FIG. 9: Differential cross sections for the transverse momentum pt,HH , rapidity yHH and mass mHH distributions of the
Higgs pair at N3LO for different values of the trilinear Higgs coupling λ. The lower panel gives the ratio to the central N3LO
prediction with λ = λSM, with the LO shown as dashed lines. The bands correspond to theoretical scale uncertainties.
substantial. However there is essentially no change in the
N3LO/LO K-factor.
V. CONCLUSIONS
In this article, we have completed the first N3LO cal-
culation of a 2 → 4 process, namely the production of
a Higgs boson pair through VBF. This calculation was
made possible by the factorizable nature of the higher or-
der QCD corrections. Together with the fully differential
NNLO calculation presented in a companion paper [26],
this brings the di-Higgs production channel to the same
theoretical accuracy as has been achieved for the single-
Higgs process, opening up the prospect of precision stud-
ies of the Higgs sector through Higgs pair production at
the HE-LHC and at future hadron colliders.
We have presented differential distributions of the
Higgs pair transverse momentum, rapidity and invari-
ant mass for the 27 TeV HE-LHC. The corrections are
at the few permille level, however the calculation of the
third order leads to a substantial reduction in scale un-
certainties. The convergence of the perturbative series is
very stable at this order, with almost no kinematic de-
pendence to the N3LO corrections, except at very high
rapidities. The N3LO scale variation bands are always
fully contained within the second order scale uncertain-
ties, but are over four times thinner.
Finally we studied the impact of deviations from the
SM in the trilinear Higgs self-coupling on the N3LO dis-
tributions. Small deviations of this constant can substan-
tially change both the total cross section and the shape
of the distributions. However the structure of the higher
order QCD corrections is unaffected by variations in the
coupling, with the N3LO/LO K-factor staying constant
over a range broad range of λ values.
The results presented here have been implemented in
the version 2.0.0 of proVBFH-incl [60] which provides
predictions for both single and double Higgs inclusive
cross sections up to N3LO in QCD.
This article provides also the first element for a fully
differential N3LO calculation of VBF Higgs pair produc-
tion. This could be achieved by combining the present
inclusive calculation with a differential NNLO computa-
tion of the electroweak production of two Higgs bosons
in association with three jets.
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